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Abstract: The numerical simulation of electromagnetic wave propagation through clear, turbulent air is discussed, 
where the objective is to simulate the statistical properties of the scattered radiation. Propagation through the extended 
turbulent medium is approximated by discrete, random perturbations to the phase of a wave which otherwise passes 
through free space. It is shown how the potentially lengthy computation of these phase changes can be simplified by an 
approximation which retains the statistical properties of the perturbations. The relationship which such a simulation 
has to analytical treatments, namely the method of smooth perturbations and the Markov process approximation, is 
discussed. 
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1. Introduction 
When an electromagnetic wave passes through a turbulent medium the random inhomogenei- 
ties in refractive index scatter the radiation. If the scattering occurs predominantly forwards it is 
possible to use a parabolic equation to approximate the true wave equation. The scattering causes 
fluctuations in the complex amplitude, u, of the wave field. So long as the fluctuations in 
intensity, u u*, are small it is possible to solve the wave equation approximately by perturbation 
methods [10,13]. The most powerful of these is the method of smooth perturbations of Rytov. 
When intensity fluctuations become strong it is not possible to use perturbation methods but 
differential equations can be obtained for the statistical moments of the field by approximating 
the u process, as a function of the longitudinal coordinate, as a Markov process [14]. Equations 
of the first two moments of the field can be solved accurately but this has not been achieved for 
moments of higher order. Particular interest has been given to the fourth moment, which 
describes intensity correlations and for which approximate asymptotic and numerical methods 
have been employed, [1,2,4,6,7,15]. 
An alternative approach is the simulation of the propagation process through an extended 
medium [17]. This has been attempted in numerical studies of oceanic propagation of sound. The 
split-step-Fourier or Tappert-Hardin algorithm [3] was introduced to solve the parabolic wave 
equation in two dimensions for a given oceanic profile and more recently the algorithm has been 
applied to three-dimensional simulation [ll]. 
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The parabolic equation describing propagation in a turbulent medium is equivalent to the 
Schrijdinger equation for two-dimensional motion. Consequently, its solution can be sought in 
the form of a Feynman path integral. This has been shown [14] to be equivalent o propagation 
through an infinite number of phase-perturbing screens, uniformly spaced along the path. The 
split-step approach is the discrete analogue of the path integral. 
A serious obstacle to this numerical approach is that the computation is lengthy even for 
favourable values of the parameters. This is because it requires successive operations on the 
complex phase of the wave as the solution to the wave equation is advanced through the medium. 
In what follows it will be shown that it is possible to simplify considerably the representation 
of the phase perturbations and yet retain the correct statistical properties of the wavefunction in 
the plane of observation. The discussion will develop from the early perturbation theory results 
and use these to show their relationship to the proposed numerical method. This will be followed 
by the derivation of established results for strong fluctuations but using the proposed representa- 
tion instead of the Markov approximation. Finally some results of simulations will be discussed 
briefly. 
2. Theory 
When an electromagnetic wave with a wavelength much less than the inner scale of turbulence 
passes through clear air it is predominantly scattered forwards by the inhomogeneities in 
refractive index. Wave reflection can be ignored because scattering occurs within a very narrow 
solid angle around the direction of propagation. 
The turbulent medium is characterised by its refractive index, n: 
(1) 
where (n) represents the ensemble mean and n,( x, p) is a random fluctuation. For turbulent 
clear air (n) = 1 and lnil -+z 1. A wave equation for the scalar field U(x, p) can be written by 
introducing the average wavenumber, k = (n) w/c, 
[ v2 + k2(1 + n,(x, P))‘] Utx, P) = 0. (2) 
Here, U(x, p) represents one of the components of the electromagnetic field and the wave is 
taken to be propagating in the x-direction, so that substituting U(x, p) = u(x, p) exp(ikx) in (2) 
leads to 
2ikau(x, p)/ax + V2u(X, p) +2k2n,(x9 P>U(X, P> -0 (3) 
where the square of n,(x, p) has been neglected. In the case of the earth’s atmosphere the 
smallest of the irregularities in the turbulent medium have a scale I which is of the order of 
millimetres, so that if I z+ X, where X = 2n/k is the wavelength of the radiation, then jkau/tlxl 
X- li3’u/i3x21 and (3) may be replaced by the parabolic equation 
2ikau(x, p)/ax + V~U(X, p) +2k2n,(x, P>U(X, P) = 0 (4 
in which V$ = a2/a2y + a2/a22. 
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3. Method 
The proposed method of simulation is to compute the wave function u(x, p) at progressively 
greater distances into the turbulent medium. If the medium extends from the plane x = 0 to 
x = X, it can be considered to consist of adjacent slabs, divided by the planes x = xi, where 
xi =jAx, j = 0, 1, 2,. . ., n, and Ax = X/n. The wave uj(xj, p) emerges from the jth slab to be 
incident on the (j + 1)th slab and to emerge again in the modified form uj+i(xj+i, p). Existing 
theory adequately describes the propagation process provided that the wave intensity fluctuation 
remains small, so it is assumed that only weak intensity fluctuations will develop over a distance 
Ax. 
The change in the wavefunction uj(xj, p) to uj+i(xj+i, p) arises from both diffractive 
interference between the components of the spectrum of scattered waves which comprise 
uj(xj, p) and from further wave scattering by the irregularities in refractive index in the slab. 
These two effects interact as propagation proceeds. This interaction is termed multiple scattering 
in contrast with single scattering where the effects of diffraction can be separated from the 
refractive perturbations of the turbulence. 
It is necessary to impose restrictions on the properties of the slabs in order that the 
computation approximates a continuous medium. It is clear that the change in the wavefunction 
introduced by a single slab should be small. This means that changes in the phase due to both 
diffraction and irregular refraction must both be small. 
If the method of smooth perturbations is used to obtain the wave emerging from the jth slab 
the result is [10,13] 
uj(xjY PI = uj-I(xjT PI exP[i$j(l))] (5) 
where uj_,(xi, p) is the wave in the absence of turbulence in the jth slab. The statistical 
properties of the complex phase iqj( p) = x j( p) + iSj( p) are related to the spectrum @,,( K~, K~, K~) 
of the fluctuation n,(x, p) in refractive index. The case of isotropic turbulence will be discussed 
here and is dealt with in [lo] for a variety of types of incident wave. The present work will treat 
the propagation of a plane wave U(0, p) = u0 exp(ikx), u0 = constant, incident on the plane 
x = 0. 
After this wave has reached the plane x = xj it will have the modified complex amplitude 
uj(xj, p). This will be a random function, due to random scattering by the intervening 
turbulence, so that it can be written as a Fourier-Stieljes stochastic integral: 
uj(xj, P)’ uj(xj9 O) +$ /I_ [exp(itc. p) - 11 kj(xj, d2rc) 
--m 
(6) 
Here, K = (K,,, K=) is a transverse wave vector and ~j(xj, AK~, AK,) is a random function of the 
intervals AK,,, AK,. If the field uj(xj, p) can be considered to be locally isotropic in the plane 
x = xl, then the function fij(xj, d*K) satisfies: 
(ii,( xj, d2rc)) = 0, 
(uj(xj, d2+;(xj, d2/c”)) = 6(K’- K”)F(K’)d’K’d’/c” (7) 
where S(K)=S(K,,)G(K,) are Dirac’s delta functions and where F(K) is the Fourier transform of 
UPI - p2) = ( uj(xj, pl)u;(xj, p,)). If the wave were to travel the incremental distance Ax in 
the absence of turbulence, there would arise phase delays of ( Kbx/2k) such that the random 
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coefficients, in the plane x = xi+,, would become: 
- 
‘j xj+ly ( dzK) = tij( xi, d*K) exp[ - i( K*Ax/2k)]. (9 
In arriving at (8) it has been assumed that the important contribution to the integral (6) comes 
from wavenumbers K which represent small forward angles S, = K/k with respect to the x-axis. 
The largest of these angles is of the order of 0, = x/i < 1. 
The condition that the diffractive phase retardation in (8) be small is 
(AxK;/k) << 1 (9) 
where K, = 2n/l is the transverse wavenumber associated with the smallest inhomogeneities in 
refractive index. When condition (9) is imposed on the first iteration solution of the method of 
smooth perturbations the results are that [10,13] 
(S,2(P)) e Csj(P)Xj(P)) e (X3(P)> (10) 
and that the structure function of the dominant Sj(p) is 
D(Ax, p)= (k2Ax/&r)lox[l -J,(KP)]~P~(K) dfc. (II) 
In writing (11) it has been assumed that the refractive index fluctuation is isotropic, so that 
C?“(K) = Q,,(K), and that the log-amplitude variance (xf( p)) and the covariance (si( P)Xj( P)) 
are indeed negligible, in accordance with (10). These results imply that 
uj+l(xj+19 P> = “jCxj+l, PI exP[iS,(p)] - 02) 
Additionally, if the computation is to approximate a continuous medium, it is necessary to 
impose the condition that 
(S;(p)) = a* -=C 1, (13) 
where it will be assumed, for simplicity, that the Sj( p) are identically distributed with variance 3 
uL. 
The phase perturbation due to the jth slab of turbulent medium is 
exp[iSj(p)] =l+iSj(p)-is+(p)+ ‘-. . 
When this is averaged the result is 
(exp[iS,(p)]) = 1 - +u’ 
where higher order terms in the expansion have been ignored under the condition (13). 
It is convenient to write 
exP[iSj(p)] = aj(P> + iPj(P>- 
It follows from the expansion (14) that 
(aj(P1)Pj(P2)) = O 
and that these real and imaginary components have quite different statistical properties: 
(aj(p)) = (exp[iS(p)]) = 1 - te2, 
’ (Pj(P)) = OT 
(Pj(PlJPj(P2)) = (sj(Pl)sj(P2))* 
Higher moments may be neglected to the level of accuracy of (18), (20) and (21). 
(14) 
(1% 
(16) 
(17) 
08) 
(19) 
(20) 
(21) 
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The conclusions to be drawn from these moment equations are that cuj(p) behaves as a 
constant: aj(p) = 1 - fa2, and that b,(p) behaves as a random variable with zero mean and with 
autocovariance equal to that of S,(p). This leads to a most important result: the phase 
perturbation can be written in the approximate form 
exp[iSj(p)] = 1 - fu’+ is,(p). (22) 
The representation retains the statistical characteristics of the phase perturbation and it is 
considerably simpler to employ than either (12) or (15). The physical interpretation of (22) is 
quite clear and in agreement with earlier studies [16]. The turbulent medium attenuates the 
incident wave as a result of scattering; the scattered component is random and is in quadrature 
with the incident wave. 
It is evident from an examination of (12) that there are two different computations to be 
executed in order to obtain the function uj+i( xj+i, p) from the function uj(xj, p). The first term 
in the product on the right-hand side of (12) is uj(xj+t, p )_ This is the complex wave amplitude 
which would arise were there to be no turbulence over the interval xj to xj+i. It is computed in 
K-space by modifying the Fourier amplitudes according to (8). 
The perturbation representating scattering can be approximated by (22), so that the second 
term involves the evaluation of the product 
Uj+l(Xj+l, P)= uj(xj+lY P)[l - ju2 + iS,CP)]- (23) 
It can be seen that the present method represents a simplification of the split-step or 
Tappert-Hardin algorithm, which itself is the computational analogue of a Feynman path 
integral. It has been shown in [14] that a path integral corresponds to the advancement of the 
wave through a sequence of phase screens placed at the start of each step of the path. 
4. Relationship to earlier results 
It will now be shown that the method described above leads to results which are consistent 
with known, analytic results for multiple scattering. The established results [13] were obtained by 
use of an approximation which treats the random process U(X, p), as a function of x, as a 
Markov process. In particular, the first two moments, (u( X, p)) and (u( X, pl) u*( X, p2)) have 
been obtained analytically by the use of this approximation. It will now be shown that the use of 
(23) leads to the same results. 
It follows from (6), (8) and (23) that the average field in the plane x = xi is 
("j(xj, P))=("j-,(xj-,l O)>[l- ia2]* (24 
It follows from (24) that the average field emerging from the medium in the plane x = x, is 
In (25) the substitution u2 = (02)/ n h as b een made, where (O*) represents the variance of total 
phase due to refractive effects. Going to the limit n + cc in (25) and writing u( X, p) = u,(x,, p) 
leads to the standard result 
(u(X PI> =IqJ exp[-W2)1- (26) 
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The second-order moment is found by considering first the average quantity 
(iij(xj+l, d2+i;(Xj+,, d*C)) 
= ( fij( xi, d2K’)iiy( xj, d2C)) exp[ -i( K’* - K”*)( Ax/%)]. (27) 
It is clear from (7) that the right-hand side of (27) is non-zero only when K’ = K”. Therefore 
(fi,(xj+,, d*r+;(X/+,, d*K”)) = (iij(xj, d2+;(xj, d’k”)). (28) 
It follows from (6), (7) and (28) that 
(“j(xj+19 Pl)“i*(xj+19 P*)) = (“j(xj, Pl)“j”(xj9 P*))* (29) 
So that the second-order moment, or the coherence function, is not affected by propagation over 
the interval xj to xj+i in the absence of turbulence. 
Equation (29) can be used with (23) to obtain the change in the coherence function in the 
presence of turbulence: 
(“j+l(xj+l, Pl)“i*+l(xj+l* P*)> = 
(“j(xj9 Pl>“j*(xj* P2)>[ a2 + (sj(P1)sj(P*)) + ia(sj(P*) -sj(P*))] v (30) 
In (30), a = 1 - $a*, and the random fields uj(xj, p) and Sj(p) have been assumed to be 
independent. The last term in square brackets in (30) is zero. Writing the autocovariance of S in 
terms of its autocorrelation function 6(p) as 
(sj(Pl)sj(P2)) = a2b(P* - P2) (31) 
and writing (I * = (0*)/n, leads to th e coherence function in the plane x = x, 
04-L Pi)%GV P2)) =b4J12[a2 +W*w)~(P* - P2)l n. (32) 
When n is large, a*" - exp( - (O’)), so that in the limit of n --) cc equation (32) becomes 
04X, P&*(X, P2)) =bo12 exP[-fD(X, (Pi -P*))l (33) 
where D( X, p) = 2( 02)[ b(0) - b(p)], is the structure function of the total refractive phase 
change, obtained from (11) by replacing Ax with X. The results (26) and (33) are identical to 
those obtained from the use of the Markov approximation. 
Some authors [2,10] refer to D( X, p) as the wave structure function, as it is equal to the sum 
of the structure functions for phase, S, and log-amplitude, x, given by the first-order smooth 
perturbation theory. In the foregoing treatment he perturbation to the log-amplitude at each step 
of the path has bee taken to be negligible. Therefore, rather than interpreting D( X, p) as the sum 
of two structure functions, in the present work D( X, p) is interpreted as the structure function of 
the total refractive phase change, O( X, p) along the path of length X. 
5. Results 
Examples of the results which can be obtained by the present method are shown in Figs. 1 and 
2. These show the autocorrelation function 4(p) of intensity I(p) = u(x, p) u*(x, p) for an 
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incident plane wave as a function of pi, which is the relative variance of intensity /3* = (I*)/( I)‘, 
predicted by the first-order smooth perturbation theory. The refractive index spectrum used was 
that appropriate to atmospheric turbulence. When the inner scale is assumed to be small in 
comparison with the correlation length of the coherence function the refractive index fluctuation 
has a spectrum which can be approximated by 
Gn(K) = 2nq9 sin()T)C,2/A1’3(1 + K*@-ll’! (34) 
Here C,’ is the refractive index structure constant, I, represents the outer scale of turbulence and 
is of the order of the height of the observation above the ground in the case of atmospheric 
propagation, and the refractive phase structure function is 
0(X, p) = 3.73(o*)(p/1,)5’3, p < 21,, (35) 
where the variance is 
(0’) = $r( $) sin( $r)k2XC~1~/3. 
The parameter /?i is expressed as a function of the other parameters as follows: 
(36) 
b; = 1.232C,Zk7’6X’1’6. (37) 
The computations were conducted on a 65 x 65 point array using 400 steps for a single 
realisation. The autocorrelation functions presented here were obtained by averaging results from 
15 realisations of the two-dimensional intensity distribution in the plane of observation. In Fig. 1 
the curves of b,(p) are plotted with the separation variable p normalized by the Fresnel scale m. 
The first-order smooth perturbation theory predicts a dependence of the autocorrelation function 
on this scale but the theory only describes observations accurately when /Ii -SZ 1. The simulated 
curves are in excellent agreement with the perturbation theory for low values of the parameter /3: 
as expected. 
bI 
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Fig. 1. Simulated intensity autocorrelation functions as a function Of fl,‘: - 
______~,z=O.744;__-_--8,2=1.644. 
/3,’ = 0.074; - - - /3,’ = 0.186; 
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Fig. 2. Simulated intensity autocorrelation functions as a function of &: - /3,’ = 0.074; - - - j3,’ = 0.186; 
______/3,2=0.744; ----- #=1.644. 
In Fig. 2 the horizontal scale has been normalized by I, where 1, = ( C:/C~)-~/~~ is the scale 
which was shown to normalize observed inter&y autocorrelation functions when j3: > 1. The 
simulated curves are in very good agreement with the observations [5,8,12], and provide valuable 
information on correlation behaviour for values of the parameter 6: which at present are 
described by heuristic theory [9]. 
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